Abstract. In this paper we introduce poly-Poisson structures as a higher-order extension of Poisson structures. It is shown that any poly-Poisson structure is endowed with a polysymplectic foliation. It is also proved that if a Lie group acts polysymplectically on a polysymplectic manifold then, under certain regularity conditions, the reduced space is a poly-Poisson manifold. In addition, some interesting examples of poly-Poisson manifolds are discussed.
Introduction
As it is well known, symplectic manifolds play a fundamental role in the Hamiltonian formulation of classical mechanics. Indeed, given a configuration space Q, its cotangent bundle T * Q, the phase space, is endowed with a symplectic structure and the Hamilton's equations associated to a Hamiltonian H : T * Q → R can be interpreted as the flow of the Hamiltonian vector field associated with H.
properly on M and preserving the symplectic structure then the quotient manifold M/G is endowed with a Poisson structure in such a way that the projection π : M → M/G is a Poisson epimorphism. A particular example is the so-called Poisson-Sternberg structure on T * Q/G, which is obtained reducing the symplectic structure on T * Q after lifting a free and proper action of a Lie group G on Q to T * Q (see [17] for applications in Mechanics). Any Poisson structure induces a foliation with symplectic leaves, the symplectic foliation. For symplectic manifolds there is only one leaf: the manifold itself. The other interesting example is the Lie Poisson structure on g * , the dual space of any Lie algebra g. In this case, the symplectic leaves are the coadjoint orbits previously obtained as reduced symplectic spaces.
In [10] , polysymplectic manifolds were introduced as a natural vector-valued extension of symplectic manifolds. A polysymplectic structure on a manifold M is a closed nondegenerate R k -valued 2-form on M . The physical motivation was obtain a geometric framework in which develop field theories for Lagrangians defined on the first-jet bundle of a trivial fibration p : M = N × U → U , U ⊆ R k being the parameter space of the theory. In this case, the natural polysymplectic manifold is LQ, the tangent frame bundle of Q. More generally, it is possible to consider the cotangent bundle of k-covelocities (T 1 k ) * Q := T * Q⊕ (k . . . ⊕T * Q.
In addition, in [10] the author considers polysymplectic actions of Lie groups on polysymplectic manifolds and the notion of a polysymplectic moment map J : M → g * ⊗ R k is introduced. We note that other moment map theories with different target spaces (such as Lie groups or homogeneous spaces [2, 3, 4] ) have been proposed but this one fits in a different framework. In addition, in this situation, it is developed a reduction procedure mimicking the symplectic case and, under certain conditions, a polysymplectic structure on J −1 (µ)/G µ is obtained. We must remark here that, the assumed conditions in [10] do not assure that the quotient space J −1 (µ)/G µ is polysymplectic because this fact is based on a wrong result (see Lemma 7.5 in [10] ). In [15] , a right version of the Marsden-Weinstein reduction theorem in the polysymplectic setting is proved.
As an example of the reduction procedure, a polysymplectic structure on k-coadjoint orbits O (µ 1 ,...,µ k ) , for (µ 1 , . . . , µ k ) ∈ g * ⊗ R k = g * × (k . . . ×g * is obtained. A natural question arises: Is there a geometric structure on g * × (k . . . ×g * which admits a polysymplectic foliation whose leaves are the k-coadjoint orbits?
In this paper, it is proposed an answer to this question introducing the notion of a polyPoisson structure as a generalization of Poisson structures as well as of polysymplectic structures. Contrary to what would be expected, these are not just R k -valued 2-vector fields. Indeed, if one starts from a polysymplectic structureω, one can construct a vector-bundle morphism ω ♭ : T M → (T 1 k ) * M and the non-degeneracy ofω is equivalent toω ♭ being injective (see Proposition 2.3). However, if k > 2 this does not imply thatω ♭ is an isomorphism, so it does not make sense to take the inverse of this map. Our approach is the following one: if S := Im (ω ♭ ) then one can consider the inverse ofω ♭ restricted to S, that is,
Thus, this fact suggests to introduce the notion of a poly-Poisson structure as a pair (S,Λ ♯ ), where S is a vector subbundle of (T 1 k ) * M andΛ ♯ : S → T M is a vector bundle morphism satisfying several conditions (see Definition 3.1). As for Poisson manifolds, any poly-Poisson manifold is endowed with a foliation, whose associated distribution isΛ ♯ (S), with polysymplectic leaves. Moreover, a second motivation from Poisson geometry is the following one. If G is a Lie group which acts polysymplectically on a polysymplectic manifold then it is possible to obtain, under some mild regularity conditions, a poly-Poisson structure on the reduced space M/G.
The paper is organized as follows. In section 2, it is recalled the notion of a polysymplectic structure and it is obtained a characterization in terms of bundle maps. After giving some examples, in section 3 we introduce the notion of a poly-Poisson structure. After that it is shown that any poly-Poisson manifold has associated a generalized foliation and that on each leaf it is induced a polysymplectic structure. In order to obtain examples, it is proposed a method to construct poly-Poisson structures out of a family of Poisson structures. As an application, given a linear Poisson structure on a vector bundle E * with base space Q, it is described a polyPoisson structure on the Whitney sum E * ⊕ . . . ⊕ E * and, in particular, on the frame bundle LE → Q. In section 5, it is developed a reduction procedure for polysymplectic manifolds. More precisely, if G is a Lie group acting polysymplectically on a polysymplectic manifold (M, Ω) then, under certain regularity conditions, the quotient manifold M/G is endowed with a poly-Poisson structure. As an application, given a principal G-bundle Q → Q/G with total space Q it is possible to obtain a poly-Poisson structure on the Withney sum T * Q/G⊕ (k . . . ⊕T * Q/G as the reduction by the Lie group G of the cotangent bundle of k-covelocities T * Q⊕ (k . . . ⊕T * Q. As a consequence, we deduce that the reduction of the tangent frame bundle LQ → Q is the frame bundle of the Atiyah algebroid T Q/G → Q/G. The paper ends with and appendix which contains some basic definitions and results on Lie algebroids and fiberwise linear Poisson structures on vector bundles.
We finally remark that there is a relation with Dirac structures (see [9] ). Dirac structures provide a common framework to Poisson and presymplectic manifolds. These are integrable Lagrangian subbundles of T M ⊕ T * M . To interpret poly-Poisson structures in this setting, we could consider the bundle T M ⊕ (T 1 k ) * M , which is endowed with a nondegenerate symmetric bilinear form with values in R k [12] . We postpone to a future work the details of this, hoping it will provide a framework to analyze reduction (see, for instance, [7, 8] ).
Notation: If Q is a differentiable manifold of dimension n, (T 1 k ) * Q will denote the cotangent bundle of k-covelocities of Q, that is, the Whitney sum of k-copies of the cotangent bundle,
For an element of (T 1 k ) * Q, the symbol¯will be used to denote it, and subscripts without¯to denote its components, i.e.ᾱ ∈ (T 1 k ) * Q andᾱ = (α 1 , . . . , α k ) where α i ∈ T * Q for i ∈ {1, . . . , k}. The same criterion will be used for 2-forms and morphisms. Ifᾱ ∈ (T 1 k ) * p Q are k 1-forms over the same point, X ∈ T p Q is a tangent vector and W ⊂ T p Q is a vector subspace, we writeᾱ(X) = (α 1 (X), . . . , α k (X)) ∈ R k for the evaluation and the restrictionᾱ |W = (α 1|W , . . . , α k|W ) ∈ W * ⊕ . . . ⊕ W * is just the restriction of every component. Ifᾱ is a section of (T 1 k ) * Q and X a vector field we will write L Xᾱ = (L X α 1 , . . . , L X α k ) and iff is a R k -valued function,f = (f 1 , . . . , f k ), then we will write df = (df 1 , . . . , df k ). When we deal with the fibers of bundles over a manifold, we sometimes omit reference to base point when it is clear or when what are we saying is true for all points of the base manifold.
Polysymplectic structures
In this section, it is recalled the concept of a polysymplectic structure, which is one of the possible higher order analogues of a symplectic structure (see [10] ).
where {e 1 , . . . , e k } denotes the canonical basis of R k .
Equivalently,ω can be seen as a family of k closed 2-forms (ω 1 , . . . , ω k ) such that 
ii) Non degeneracy (ω ♭ is a monomorphism):
iii) Integrability condition:
Proof. Letω ♭ : T M → (T 1 k ) * M be a vector bundle morphism (over the identity of M ). Then, condition i) is equivalent to the existence of k 2-forms ω 1 , . . . , ω k on M such that
On the other hand, ii) holds if and only if
Finally, using the following relation
which is valid for any arbitrary 2-form Φ on M , we deduce that (2.2) holds if and only if ω A is a closed 2-form, for all A. This proves the result.
Next, an interesting example of a polysymplectic manifold will be presented.
Example 2.4 (The tangent frame bundle [18] ). Let LM be the tangent frame bundle of M , that is, the elements of LM are pairs (m, {e i }), where {e i }, i = 1, . . . n, is a linear frame at m ∈ M . There is a right action of
With this action LM → M is a principal GL(n)-bundle.
On LM there exists a canonical vector-valued 1-form ϑ ∈ Ω 1 (LM, R n ), called the soldering one-form, which is defined by
where π : LM → M is the canonical projection and u = (m, e i ) ∈ LM is seen as the non-singular linear map u :
v i e i . The soldering one-form endowes LM with a n-polysymplectic structure given by ω = −dϑ.
(for more details, see [18] ). ⋄ Next, it will be shown a method to construct a polysymplectic structure out of a family of symplectic manifolds. Indeed, this construction is the model for a regular polysymplectic manifold.
Example 2.5. Let (M A , Ω A ) be a symplectic manifold, with A ∈ {1, . . . , k}, and π A : M → M A a fibration. Denote by ω A the presymplectic form on M given by
It is easy to prove that ω A has constant rank. In fact,
where T π A : T M → T M A is the tangent map to π A : M → M A . Thus, we deduce that the family of 2-forms (
is a k-polysymplectic structure on a manifold M and the 2-forms ω A have constant rank then the distributions F A , with A ∈ {1, . . . , k}, given by
are completely integrable (this follows using that ω A is closed). In addition, if the space of leaves M A = M/F A of the foliation F A is a quotient manifold, for A ∈ {1, . . . , k}, and π A : M → M A = M/F A is the canonical projection, we have that the 2-form ω A is basic with respect to π A . Therefore, there exists a unique 2-form Ω A on M A satisfying
Finally, since the map
is a monomorphism of modules, we deduce that Ω A is a symplectic form on M A . ⋄ Some particular examples of the previous general construction are the following ones.
Example 2.6 (The product of symplectic manifolds). Let (M A , Ω A ) be a symplectic manifold, with A ∈ {1, . . . , k}, and M = M 1 ×. . .×M k . Then, it is clear that M admits a k-polysymplectic structure (ω 1 , . . . , ω k ). It is sufficient to take
Example 2.7 (The cotangent bundle of k-covelocities of a manifold). It is well known that, given an arbitrary manifold Q, its cotangent bundle T * Q is endowed with a canonical symplectic structure in the following way. If θ is the Liouville 1-form on T * Q then ω = −dθ is a symplectic 2-form on T * Q (see, for instance, [1, 13] ).
Next, using this symplectic structure and the previous general construction, we will obtain a k-polysymplectic structure on the cotangent bundle of k-covelocities
If (q i ) are local coordinates on U ⊆ Q, then the induced local coordinates (
Moreover, the local expression of π
Note that the local expression of ω A is (2.3) ω A = dq i ∧ dp A i . Remark 2.8. Let Q be a manifold of dimension n. Then, from Example 2.4, the tangent frame bundle LQ is endowed with a polysymplectic structure −dϑ. On the other hand, we have just seen that the cotangent bundle of n-covelocities, (T 1 n ) * Q, also is a polysymplectic manifold. In addition, LQ is an open subset of (T 1 n ) * Q, where the inclusion ι :
where π : LQ → Q and π n Q : (T 1 n ) * Q → Q are the projections. Let us see that the restriction of the poly-symplectic structure on (T 1 n ) * Q is just dϑ. More precisely, let us show that
where {e 1 , . . . , e n } denotes the canonical basis of R n , θ is the Liouville 1-form, π n,A Q : (T 1 n ) * Q → T * Q is the projection on the A-factor, for A ∈ {1, . . . n}, and ϑ is the soldering 1-form.
Example 2.9 (k-coadjoint orbits [10, 15] ). In this example, it is described a k-polysymplectic structure on every k-coadjoint orbit associated with a Lie group G. In the particular case when k = 1, it is recovered the standard symplectic structure on the coadjoint orbits of G.
We will recall the definition of such a structure. Let G be a Lie group and g be its Lie algebra. Consider the coadjoint action
The orbit of µ ∈ g * in g * under this action, denoted by
is equipped with a symplectic structure ω µ defined by
where ν is an arbitrary point of O µ , ξ, η ∈ g and ξ g * (ν), η g * (ν) are the infinitesimal generators of the coadjoint action associated with ξ and η at the point ν (for more details see, for instance, [1, p. 303] ).
The extension to the polysymplectic setting is as follows. Define an action of G over
which is called the k-coadjoint action.
If ξ ∈ g then it is easy to prove that the infinitesimal generator of Coad k associated with ξ is given by
On the other hand, the canonical projection
Moreover, using (2.6), we deduce that π A is a surjective submersion and, in addition,
for every A ∈ {1, . . . , k},
..,µ k ) (for more details, see [10, 15] ). ⋄
K-poly-Poissson structures
In this section, we will generalize the notion a k-polysymplectic structure dropping certain non-degeneracy assumption, as Poisson structures generalize symplectic structures. More precisely,
is a vector bundle morphism which satisfies the following conditions:
are sections of S then we have that the following integrability condition holds
The triple (M, S,Λ ♯ ) will be called a k-poly-Poisson manifold or simply a poly-Poisson manifold.
A k-poly-Poisson structure is said to be regular if the vector bundle morphismΛ
Proof. By Definition 3.1 i) we have 0 = (ᾱ +β)(
As one would expect, polysymplectic manifolds are a particular example of k-poly-Poisson manifolds, as it is shown in the following example.
Clearly, i) in Definition 3.1 is equivalent to i) in Proposition 2.3. On the other hand, ifᾱ =
this implies thatω ♭ (X) = 0. But, using thatω ♭ is a monomorphism, we deduce thatΛ ♯ (ᾱ) = X = 0. Thus, ii) in Definition 3.1 holds.
Finally, the integrability condition (3.1) is equivalent to iii) in Proposition 2.3. Indeed, if α,β ∈ Γ(S) then, using (2.2) and Lemma 3.2, it follows that
which implies that (3.1) holds.
It is not difficult to prove that polysymplectic structures are just poly-Poisson structures satisfying the non-degeneracy condition
which just says thatΛ ♯ is an isomorphism (note that, using Lemma 3.2, Ker (
It is clear that Poisson manifolds are 1-poly-Poisson manifolds. Indeed, if Π is a Poisson structure on M then (S = T * M, Π ♯ ) is poly-Poisson, where Π ♯ : T * M → T M is the vector bundle morphism induced by the Poisson 2-vector Π. Moreover, it is well known that the generalized distribution [20] ). Next, we will prove that a k-polyPoisson manifold admits a k-polysymplectic generalized foliation. 
F is said to be the canonical k-polysymplectic foliation of M .
Proof. Using that S is a vector subbundle of (T 1 k ) * M , we can choose a local basis {ᾱ 1 , . . . ,ᾱ r } of the space Γ(S) of sections of S. Thus, it is clear that {Λ ♯ (ᾱ 1 ), . . . ,Λ ♯ (ᾱ r )} is a local generator system of F which implies that F is locally finitely generated. Integrability condition of the poly-Poisson structure (Equation (3.1)), makes this distribution involutive. Therefore, F is a generalized foliation.
Next, let us prove that each leaf ι :
First, we will show thatω ♭ is well defined. Assume that X =Λ ♯ (ᾱ) =Λ ♯ (β). ThenΛ ♯ (ᾱ−β) = 0 and, using Lemma 3.2,
for anyγ ∈ S. As a consequence, ι * (ᾱ −β) = 0.
It is easy to see thatω ♭ is injective. Indeed, if X =Λ ♯ (ᾱ) thenω ♭ (X) = 0 is equivalent tō α(Λ ♯ (γ)) = 0 for allγ ∈ S. But condition ii) of Definition 3.1 implies that X =Λ ♯ (ᾱ) = 0.
To prove the integrability condition (2.2), it is enough to prove the relation for a generating subset. Chooseᾱ 1 , . . . ,ᾱ r a local basis of Γ(S) and denote X i =Λ ♯ (ᾱ i ), i = 1, . . . , r, which generates the foliation F. Taking two elements X i =Λ ♯ (ᾱ i ), X j =Λ ♯ (ᾱ j ), using (3.1), we have
Applyingω ♭ to both sides of the equation, from the fact thatω •Λ ♯ (ᾱ) = ι * ᾱ , ι being the inclusion from the leaf into the manifold M , this is just
and, from Equation (3.2) and the properties of Lie derivative and pull-back, we have
so the integrability condition forω holds.
Example 3.5. Let (M,ω) be a connected polysymplectic manifold and consider the corresponding poly-Poisson manifold (M, S,Λ ♯ ). Then, from Example 3.3, the distributionΛ ♯ (S) is just T M . Thus, there is only one leaf, the manifold M , and the poly-symplectic structure on it is justω.
Next, we will prove a converse of Theorem 3.4.
Let M be a smooth manifold, S a vector subbundle of (T 1 k ) * M andΛ ♯ : S → T M a vector bundle morphism such that conditions i) and ii) in Definition 3.1 hold. If p is a point of M , we can define the nondegenerate
In fact, sinceᾱ(Λ ♯ (β)) = −β(Λ ♯ (ᾱ)) forᾱ,β ∈ S, we deduce thatω(p) is well-defined. Now, assume that the generalized distribution F on M defined by
is involutive. Then, since F is locally finitely generated, we have that F is a generalized foliation.
In addition, if L is a leaf of F then the restriction ofω to L induces a nondegenerate
We will see that if this condition holds for every leaf L then the couple (S,Λ ♯ ) is a k-polyPoisson structure on M . Indeed, the result follows using Proposition 2.3 (more precisely Eq. (2.2)) and the fact thatω
where ι : L → M is the canonical inclusion and we also denote byω L the vector bundle morphism between T L and (T 1 k ) * L induced by the R k -valued 2-formω L . In conclusion, we have proved the following result. Theorem 3.6. Let S be a vector subbundle of
vector bundle morphism such that:
i)ᾱ(Λ ♯ (ᾱ)) = 0, forᾱ ∈ S, and ii) ifᾱ(Λ ♯ (β)) = 0 for everyβ ∈ S thenΛ ♯ (ᾱ) = 0. Next, we will discuss a construction which allows to obtain some examples of k-poly-Poisson manifolds. This can be seen as a foliated version of the one presented in Example 2.5. For this purpose, we will use Theorem 3.6.
Assume also that the generalized distribution
Let M A be a Poisson manifold, with A ∈ {1, . . . , k}, and
We will show that every leaf L of F admits a k-polysymplectic structure. We will proceed as in Section 2.
Let p be a point of M , L the leaf of F over the point p and L A the symplectic leaf of M A over the point π A (p), for every A ∈ {1, . . . , k}. First of all, we will define a k-polysymplectic
In addition, using (3.3), (3.4) and the fact that Ω L A is a closed 2-form on L A , we deduce that the 2-forms ω A L are also closed and (ω 1 L , . . . , ω k L ) is a k-polysymplectic structure on L. Consequently, F is a k-polysymplectic foliation. Now, we will introduce a vector subspace S(p) of (T 1 k ) * p M and a linear epimorphismΛ ♯ :
3) and (3.4), we have that the linear map T p π :
Next, we define
. Note thatΛ ♯ is well-defined because T p π is injective. Moreover, we will see that the couple (S(p),Λ ♯ ) satisfies conditions i) and ii) in Theorem 3.6.
for every A ∈ {1, . . . , k}. Therefore, using (3.6), it is deduced that
for every A ∈ {1, . . . , k}.
Consequently, from (3.7), we obtain that
p M defines a vector subbundle of (T 1 k ) * M then, using Theorem 3.6, it follows that the couple (S,Λ ♯ ) is a k-poly-Poisson structure on M with canonical k-poly-symplectic foliation F.
We will see that this construction works in some interesting examples. We consider the foliation F in M whose characteristic space at the point p = (p 1 , . . . ,
It is clear that (3.3) and (3.4) hold. Thus, the leaves of F admit a k-polysymplectic structure.
is a linear isomorphism. This implies that Under this identification, the vector bundle morphism
. . ⊕E * , with E a Lie algebroid). Let τ E : E → Q be a Lie algebroid of rank n over a manifold Q of dimension m, Λ E * the fiberwise linear Poisson structure on the dual bundle E * to E and F E * the symplectic foliation associated with Λ E * (see Appendix).
We consider the Whitney sum E * k = E * ⊕ . . . ⊕ E * . It is a vector bundle over Q whose fiber at the point q ∈ Q is (E * k ) q = E * q × . . . × E * q . We will denote by τ E * k : E * k → Q the vector bundle projection.
, for all A and B},
where τ E * : E * → Q is the vector bundle projection. Thus, if α A ∈ T * α A E * for every A then, using (A.3) (see Appendix), it follows that
for all A and B, ρ E : E → T Q being the anchor map of E, ρ * E : T * Q → E * the dual morphism of ρ E and v α C : E * q → T α C E * q the canonical isomorphism between E * q and T α C E * q , for every C ∈ {1, . . . , k}. Denote by π A : E * k → E * the canonical projection given by
Next, we will prove that F is a generalized foliation on E * k . First of all, we will see that F is locally finitely generated.
Let (q i ) be local coordinates on an open subset U ⊆ Q and {e α } be a local basis of Γ(τ −1 E (U )). Denote by (q i , p α ) the corresponding local coordinates on E * . Then, we have local coordinates
, for i ∈ {1, . . . , m}, α ∈ {1, . . . , n} and A ∈ {1, . . . , k}.
Moreover,
. . , 0), (Λ ♯ E * (dp α ), . . . , Λ ♯ E * (dp α )) | i ∈ {1, . . . , m}, α ∈ {1, . . . , n} and A ∈ {1, . . . , k}} is a local generator system of F. Thus, using (A.2), it follows that
. . , m}, α ∈ {1, . . . , n} and A ∈ {1, . . . , k}} is a local generator system of F, where (ρ i β , C γ αβ ) are the local structure functions of E. Therefore, F is locally finitely generated.
On the other hand, from (A.1), we deduce that
This implies that F is involutive. Consequently, F is a generalized foliation on E * k . Now, we will prove that conditions (3.3) and (3.4) hold for the foliation F. We have that
Thus, from (3.9) and (3.10), it follows that
forᾱ ∈ E * k and A ∈ {1, . . . , k}. Moreover, if A ∈ {1, . . . , k} and v A ∈ F E * (π A (ᾱ)) then
In addition, it is easy to prove that we can choose α B ∈ T * π B (ᾱ) E * , with B ∈ {1, . . . , k}, satisfying
and, using (3.9), we deduce that
This proves (3.3) for the foliation F.
On the other hand, using again (3.9), we obtain that
and, as a consequence, (3.4) also holds for the foliation F.
Next, we will see that the assignment
defines a vector subbundle of (T 1 k ) * E * k . In fact, ifᾱ ∈ E * k then, from (3.8), we have that
for all A and B} This implies that the assignmentᾱ
Moreover, in this case, the linear epimorphism
. From the above results, it can be concluded that the couple (S,Λ ♯ ) is a k-poly-Poisson structure on E * k . ⋄ Remark 3.10. If we consider the particular case when E is the standard Lie algebroid T Q then it is clear that E * k is the cotangent bundle of k-covelocities (T 1 k ) * Q. In addition, a direct computation proves that the couple (S,Λ ♯ ) is just the k-poly-Poisson structure induced by the kpolysymplectic structure on (T 1 k ) * Q which was described in Example 2.7. Note that the fiberwise linear Poisson structure on T * Q induced by the standard Lie algebroid structure on T Q is just the canonical Poisson structure associated to the canonical symplectic structure on T * Q (see Appendix).
On the other hand, if E is a Lie algebra g, then E * k is just k copies of g * , the dual of the Lie algebra, which will be denoted by g * k . Moreover, using the trivialization
andΛ ♯ is characterized by the following expression
Therefore, from (2.6), we have that each polysymplectic leaf is a k-coadjoint orbit of Example 2.9.
Another interesting example, which generalizes the previous one, is the Atiyah algebroid of a G-principal bundle Q → Q/G = M . In this case, the Lie algebroid is the vector bundle T Q/G → M . In section 4, we will describe the poly-Poisson structure on T * Q/G⊕ (k . . . ⊕T * Q/G as a consequence of a reduction procedure. ⋄ Example 3.11. An example closely related with Example 3.9 is the following one. Given a vector bundle τ E : E → Q of rank n over a manifold Q of dimension m, its frame bundle is the bundle LE → M whose fiber at q ∈ Q is the set of linear isomorphisms at E q , i.e., u ∈ (LE) q if u : R n → E q is a linear isomorphism.
The frame bundle is a GL(n)-principal bundle. More precisely, if u ∈ LE and g ∈ GL(n) then u · g is just the composition. Moreover, we have that LE is an open subset of the Whitney sum E * n = E * ⊕ (n . . . ⊕E * . Now, if τ E : E → Q is a Lie algebroid with Λ E * the fiberwise linear Poisson structure on the dual bundle E * to E, then LE is endowed with a poly-Poisson structure. Consider the maps
Note that these maps are just the restriction to LE of the canonical projections π A : E * n → E * , A ∈ {1, . . . , n}, of Example 3.9. Thus, taking the foliation F of the same example restricted to LE, one immediately deduce that LE is endowed with a poly-Poisson structure. ⋄ Next, it will be considered a different type of example of a poly-Poisson structure, motivated by singular Lagrangian systems. 
defined in this way is a Poisson structure. Furthermore, the associated symplectic foliation is just D (for more details see, for instance, [20, 3.8] ).
We are going to extend this construction to the poly-Poisson context. Let (ω 1 , . . . , ω k ) be a k-polysymplectic structure on a manifold M of dimension m and D be a regular and involutive distribution of rank r on M . In addition, assume that D satisfies
where, in this case, D ⊥ is defined by
First, define S as the vector subbundle of (
we conclude that the rank of S is r + (m − r)k.
Next, the morphismΛ ♯ : S → T M is defined as follows: Ifᾱ ∈ S then there exists X ∈ D such thatω ♭ (X) |D =ᾱ |D . Thus,Λ ♯ (ᾱ) = X.
Let us show that the conditions of Theorem 3.6 hold.
Ifᾱ ∈ S then there exists X ∈ D such thatω ♭ (X) |D =ᾱ |D . Thus,
where, in the last equality, it has been used i) in Proposition 2.3.
Next, assume thatᾱ ∈ S satisfies thatᾱ(Λ ♯ (β)) = 0 for everyβ ∈ S. As a consequence,
for every Y ∈ D. But, ifᾱ |D =ω ♭ (X) |D , with X ∈ D, from (3.16) it is deduced that X ∈ D∩D ⊥ . Using (3.15),Λ ♯ (ᾱ) = X = 0, so ii) in Theorem 3.6 holds.
Finally, a direct computation shows that the generalized distribution
associated with the pair (S,Λ ♯ ) is just D, which is involutive by hypothesis. Morever, for every leaf L, the R k -valued two formω L is just the pull-back to L ofω.ω L is clearly closed and the nondegeneracy (2.1) is a consequence of (3.15).
Thus, using Theorem 3.6, (M, S,Λ ♯ ) is a poly-Poisson manifold with polysymplectic foliation D.
Poly-Poisson structures and reduction of polysymplectic structures
As it is well known, one can obtain Poisson manifolds from symplectic manifolds through a reduction procedure. Let us recall some details of the process. Let (M, ω) be a symplectic manifold and G be a Lie group acting freeely and properly on M . If the action Φ : G × M → M preserves the symplectic structure (i.e., Φ * g ω = ω, for all g ∈ G) then the orbit space M/G inherits a Poisson structure Λ in such a way that the bundle projection π :
A particular example of this situation is the following one. If the action of G on Q is free and proper then it can be lifted to an action on T * Q which preserves the canonical symplectic structure ω Q . The corresponding Poisson structure on T * Q/G is the so-called Poisson-Sternberg structure, and it may be seen as the linear Poisson structure associated to the Atiyah algebroid on T Q/G (see [14] ).
We have introduced poly-Poisson structures to play the same role with respect to polysymplectic manifolds, so it is expected that the reduction of a polysymplectic manifold is a poly-Poisson manifold. The next theorem asserts that this is true under certain regularity conditions. 
Then, there is a natural k-poly-Poisson structure on M/G.
Proof. First of all, denote by (T
From the fact that the 2-forms ω 1 , . . . , ω k are G-invariant, S is invariant under the lifted action
Note that the G-invariant character of S implies that
Thus, the definition ofŜ(π(p)) does not depend on the chosen point p ∈ M .
In fact, since (
Now, using hypothesis i) in the theorem, we have that S ∩ (V π) • k is a G-invariant vector subbundle of (T 1 k ) * M . Therefore,Ŝ is isomorphic to the quotient vector subbundle
Next, define the vector bundle morphismΛ
Note that the G-invariant character ofŜ and of the 2-forms ω i implies that the mapΛ ♯ (π(p)) is well defined (it is independent of the base point p ∈ M ).
Let us prove that (Ŝ,Λ ♯ ) is a poly-Poisson structure on M/G.
First, condition i) of Definition 3.1 is a direct consequence of the skew-symmetric character of the monomorphismω ♭ .
In order to prove condition ii) in Definition 3.1, takeα ∈Ŝ(π(p)) such thatα |Im (Λ ♯ (π(p))) = 0.
From the definition ofΛ ♯ we have
, and, as a consequence,α ∈Ŝ withα |Im (Λ ♯ (π(p))) = 0 if and only if
Therefore, Definition 3.1 ii) is the relation
and using that V p π = Ker (T p π), this is equivalent to
which is just the second hypothesis in the theorem.
Finally, we will prove that the integrability condition (3.1) holds for the couple (Ŝ,Λ ♯ ).
the monomorphism of C ∞ (M/G)-modules induced by the projection π between the spaces
) it follows that the vector fields Λ ♯ ((π 1 k ) * α ) and Λ ♯ ((π 1 k ) * β ) are π-projectable on the vector fieldsΛ ♯ (α) andΛ ♯ (β), respectively. Moreover, since the couple (S, Λ ♯ ) is a poly-Poisson structure on M , we deduce that
Thus, if we project on M/G using π, we conclude that Let G be a Lie group. The cotangent bundle of k-covelocities of G, (T 1 k ) * G has a canonical kpolysymplectic structure (Example 2.7). In addition, the action of G on itself by left translations
If we consider the left trivialization of the tangent bundle to G, T G ∼ = G × g, and the corresponding trivialization (
. . ×g * , the action (4.3) can be written as
and the associated principal bundle π :
Thus, the vertical bundle takes the expression (4.5)
Therefore, its annihilator is
We will show that the action of G on (
endowed with the canonical polysymplectic structure, satisfies the hypotheses of Theorem 4.1.
First of all we are going to compute explicitly the polysymplectic structure on G × g * k . For this purpose, it is first described the canonical symplectic structure ω on T * G ∼ = G × g * (see for instance, [19] ). Using the left translation by g ∈ G we can identify T g G and T * g G with g and g * , respectively. Thus, we have that T (g,µ) (G × g * ) ∼ = g × g * and T * (g,µ) (G × g * ) ∼ = g * × g and, under these identifications, it follows that (4.7)
Therefore,
and, as a consequence, ω ♭ (g,µ)
the vector bundle morphism associated with the polysymplectic structure on (
Then, from Eq. (4.8) and definition of the canonical k-polysymplectic structure on (T 1 k ) * G we have
In addition, using Eq. (4.9), it is deduced that (4.10) (S ∩ (V π)
•k ) (g,µ 1 ,...,µ k ) = {((0, ξ, 0, . . . , 0), (0, 0, ξ, 0, . . . , 0), . . . , (0, 0, 0, . . . , ξ)) | ξ ∈ g} which implies that hypothesis i) in Theorem 4.1 holds.
On the other hand, from Eq. (4.8) and (4.9), we obtain
Therefore, we deduce that
Thus, given an element of (
which implies that this vector is vertical. So, the hypothesis ii) of Theorem 4.1 is satisfied. Now, let us give an explicit description ofŜ andΛ ♯ .
Computation ofŜ:
Recall by Theorem 4.1, thatŜ is the subbundle of g * k given byŜ 
. . , ad * ξ µ k ) where we used (4.9).
Note that this poly-Poisson structure coincides with the one obtained using the construction of Example 3.9 (see (3.12) and (3.13) in Remark 3.10). Moreover, as a consequence, we have that the polysymplectic leaves are just the orbits of the k-coadjoint action.
Example 4.3 (Reduction of the cotangent bundle of k-covelocitites associated with the total space of a principal bundle). Let Q be a manifold of dimension n endowed with a free and proper action of a Lie group G, Ψ : G × Q → Q. Letπ : Q → Q/G be the corresponding principal bundle projection. As we did in the previous example, we can define the lifted action Let us see that the action of G on the polysymplectic manifold (T 1 k ) * Q satisfies the conditions of Theorem 4.1. It is clear that the lifted action preserves the polysymplectic structure. In fact, since the lifted action of G on T * Q preserves the canonical symplectic structure ω Q , the action Ψ (T 1 k ) * preserves the polysymplectic structure on (T 1 k ) * Q.
Next, let U be an open subset of Q/G such thatπ −1 (U ) is a trivializing open subset of Q, that isπ −1 (U ) ∼ = U × G and the principal action of G onπ −1 (U ) ∼ = U × G is given by Ψ(g, (u, h)) = (u, gh), for g ∈ G and (u, h) ∈ U × G. As a consequence, (T 1 k ) * (π −1 (U )) ∼ = (T 1 k ) * U × (T 1 k ) * G. Moreover, ifω U andω G are the canonical polysymplectic forms on (T 1 k ) * U and (T 1 k ) * G respectively then the polysymplectic form on (T 1 k ) * (π −1 (U )) ∼ = (T 1 k ) * (U ) × (T 1 k ) * G, is given byω U ×ω G .
On the other hand, under the identification (T 1 k ) * (π −1 (U )) ∼ = (T 1 k ) * (U ) × (T 1 k ) * G the lifted action of G on (T 1 k ) * (π −1 (U )) is given by (4.12) Ψ
for g ∈ G and ( α, γ) ∈ (T 1 k ) * (U ) × (T 1 k ) * G. Therefore, the quotient space (T 1 k ) * (π −1 (U ))/G is just (T 1 k ) * (U ) × g * k , where it has been used the identification (T 1 k ) * G ∼ = G × g * k as in Example 4.2. Now, we will prove that the polysymplectic structure on (
and the action of G on (T 1 k ) * (π −1 (U )) given by (4.12), satisfy the hypotheses of Theorem 4.1.
In order to check these hypotheses, we split the problem in two parts, the side of (T 1 k ) * U and the one of (T 1 k ) * G. Using that the intersection of the vertical bundle to π with T ((T 1 k ) * U ) is trivial and the results in the previous Example 4.2, we deduce that the hypotheses of Theorem 4.1 hold.
On the other hand, from (4.1), it follows that: S(π(α)) = {(α 1 , . . .,α k ) ∈ (T The poly-Poisson structure on T * Q/G ⊕ . . . ⊕ T * Q/G is just the one associated to the linear Poisson structure on T * Q/G associated to the Atiyah algebroid T Q/G (see Example 3.9).
Remark 4.4. Let Q be an arbitrary manifold of dimension n. Then, the frame bundle π : LQ → Q is endowed with a polysymplectic structure (see Example 2.4) and, moreover, it is an open subset of (T 1 n ) * Q, and the restriction of the polysymplectic structure on (T 1 n ) * Q is just −dϑ (see Remark 2.8).
If G is a Lie group acting freely and properly on Q then G acts on (T 1 n ) * Q. In addition, LQ is stable under this lifted action (note that, since Ψ g : Q → Q is diffeomorphism for any g ∈ G, T Ψ g : T q Q → T Ψg(q) Q is an isomorphism). Thus, from Theorem 4.1, the quotient space LQ/G is a poly-Poisson structure. But a simple computation shows that LQ/G is just the set
ii) If g is a real Lie algebra of finite dimension then the linear Poisson structure on g * is just the Lie-Poisson structure.
Remark A.6. Suppose that α A ∈ E * q and α A ∈ T * α A E * , with A ∈ {1, 2} and q ∈ Q. Using (A. 
